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Nonlinear Dimensionality Reduction for
Discriminative Analytics of Multiple Datasets

Jia Chen, Gang Wang

Abstract—Principal component analysis (PCA) is widely used
for feature extraction and dimensionality reduction, with docu-
mented merits in diverse tasks involving high-dimensional data.
PCA copes with one dataset at a time, but it is challenged when
it comes to analyzing multiple datasets jointly. In certain data sci-
ence settings however, one is often interested in extracting the most
discriminative information from one dataset of particular inter-
est (a.k.a. target data) relative to the other(s) (a.k.a. background
data). To this end, this paper puts forth a novel approach, termed
discriminative (d) PCA, for such discriminative analytics of multi-
ple datasets. Under certain conditions, dPCA is proved to be least-
squares optimal in recovering the latent subspace vector unique to
the target data relative to background data. To account for non-
linear data correlations, (linear) dPCA models for one or multiple
background datasets are generalized through kernel-based learn-
ing. Interestingly, all dPCA variants admit an analytical solution
obtainable with a single (generalized) eigenvalue decomposition.
Finally, substantial dimensionality reduction tests using synthetic
and real datasets are provided to corroborate the merits of the
proposed methods.

Index Terms—Principal component analysis, discriminative
analytics, multiple background datasets, kernel learning.

I. INTRODUCTION

RINCIPAL component analysis (PCA) is the “workhorse”
method for dimensionality reduction and feature extrac-
tion. It finds well-documented applications, including bioinfor-
matics, genomics, quantitative finance, and engineering, to name
a few. The goal of PCA is to obtain low-dimensional represen-
tations for high-dimensional data, while preserving most of the
high-dimensional data variance [22].
Yet, various practical scenarios involve multiple datasets, in
which one is tasked with extracting the most discriminative in-
formation of one target dataset relative to others. For instance,
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consider two gene-expression measurement datasets of volun-
teers from across different geographical areas and genders: the
first dataset collects gene-expression levels of cancer patients,
considered here as the rarget data, while the second contains
levels from healthy individuals corresponding here to our back-
ground data. The goal is to identify molecular subtypes of can-
cer within cancer patients. Performing PCA on either the target
data or the target together with background data is likely to yield
principal components (PCs) that correspond to the background
information common to both datasets (e.g., the demographic
patterns and genders) [14], rather than the PCs uniquely de-
scribing the subtypes of cancer. Albeit simple to comprehend
and practically relevant, such discriminative data analytics has
not been thoroughly addressed.

Generalizations of PCA include kernel (K) PCA [30],
[33], graph PCA [15], ¢;-PCA [35], robust PCA [31], multi-
dimensional scaling [24], locally linear embedding [28], Isomap
[34], and Laplacian eigenmaps [7]. Linear discriminant analysis
(LDA) is a supervised classifier of linearly projected reduced
dimensionality data vectors. It is designed so that linearly pro-
jected training vectors (meaning labeled data) of the same class
stay as close as possible, while projected data of different classes
are positioned as far as possible [ 12]. Other discriminative meth-
ods include re-constructive and discriminative subspaces [11],
discriminative vanishing component analysis [20], and kernel
LDA [26], which similar to LDA rely on labeled data. Super-
vised PCA looks for orthogonal projection vectors so that the
dependence of projected vectors from one dataset on the other
dataset is maximized [6].

Multiple-factor analysis, an extension of PCA to handle mul-
tiple datasets, is implemented in two steps: S1) normalize each
dataset by the largest eigenvalue of its sample covariance; and,
S2) perform PCA on the combined dataset of all normalized
ones [1]. On the other hand, canonical correlation analysis is
widely employed for analyzing multiple datasets [9], [10], [19],
but its goal is to extract the shared low-dimensional structure.
The recent proposal called contrastive (c) PCA aims at ex-
tracting contrastive information between two datasets [2], by
searching for directions along which the target data variance
is large while that of background data is small. Carried out
using singular value decomposition (SVD), cPCA can reveal
dataset-specific information often missed by standard PCA if
the involved hyper-parameter is properly selected. Though pos-
sible to automatically choose the best hyper-parameter from a
list of candidate values, performing SVD multiple times can be
computationally cumbersome in large-scale settings.

1053-587X © 2018 IEEE. Personal use is permitted, but republication/redistribution requires IEEE permission.
See http://www.ieee.org/publications_standards/publications/rights/index.html for more information.


https://orcid.org/0000-0002-7266-2412
https://orcid.org/0000-0002-0196-0260
mailto:chen5625@umn.edu
mailto:gangwang@umn.edu
mailto:georgios@umn.edu

CHEN et al.: NONLINEAR DIMENSIONALITY REDUCTION FOR DISCRIMINATIVE ANALYTICS OF MULTIPLE DATASETS 741

Building on but going beyond cPCA, this paper starts by de-
veloping a novel approach, termed discriminative (d) PCA, for
discriminative analytics of rwo datasets. dPCA looks for linear
projections (as in LDA) but of unlabeled data vectors, by max-
imizing the variance of projected target data while minimizing
that of background data. This leads to a ratio trace maximization
formulation, and also justifies our chosen term discriminative
PCA. Under certain conditions, dPCA is proved to be least-
squares (LS) optimal in the sense that it reveals PCs specific
to the target data relative to background data. Different from
cPCA, dPCA is parameter-free, and it requires a single general-
ized eigendecomposition, lending itself favorably to large-scale
discriminative data analytics. Yet, real data vectors often exhibit
nonlinear correlations, rendering dPCA inadequate for complex
practical setups. To this end, nonlinear dPCA is developed via
kernel-based learning, whose solution can be provided analyti-
cally in terms of generalized eigenvalue decompositions. As the
complexity of KAPCA grows only linearly with dimensionality
of data vectors, KAPCA is preferable over dPCA for discrimi-
native analytics of high-dimensional data.

dPCA is further extended to handle multiple (more than two)
background datasets. Multi-background (M) dPCA is developed
to extract low-dimensional discriminative structure unique to
the target data but not to multiple sets of background data. This
becomes possible by maximizing the variance of projected target
data while minimizing the sum of variances of all projected
background data. At last, kernel (K) MdPCA is put forth to
account for nonlinear data correlations.

II. PRELIMINARIES AND PRIOR ART

Consider two datasets, namely a target dataset {x; € R” }7 |
that we are interested in analyzing, and a background dataset
{y; eR? %_ that contains latent background-related vectors
also present in the target data. Generalization to multiple back-
ground datasets will be presented in Sec. VI. Assume without
loss of generality that both datasets are centered; in other words,
the sample mean m~" 371" | x; (n~' 377, y;) has been sub-
tracted from each x; (y;). To motivate our approaches in sub-
sequent sections, basics of (c)PCA are outlined next.

Standard PCA handles a single dataset at a time. It looks
for low-dimensional representations {x; € R?}" | of {x;}I" ,
with d < D as linear projections of {x;}”; by maximizing the
variances of {x; }I"; [22]. Specifically for d = 1, (linear) PCA
yields y; := @"x;, with the vector i € R” found by
u'C,,u

U := arg max s.to u'u=1 (D)

ueR”P

where C,, := (1/m) Y., x;x] € RP*P is the sample co-
variance matrix of {x;}™ . Solving (1) yields u as the nor-
malized eigenvector of C,, corresponding to the largest eigen-
value. The resulting projections {y; = @' x; }”"; constitute the
first principal component (PC) of the target data vectors. When
d > 1, PCA looks for {u; € RP}¢ | obtained from the d
eigenvectors of C,, associated with the first d largest eigen-
values sorted in a decreasing order. As alluded to in Sec. I,
PCA applied on {x;}", only, or on the combined datasets

{xi}Ly,{y;}}=1} cannot uncover discriminative patterns or
features of the target data relative to the background data.

On the other hand, the recent cPCA seeks a vector u € R?
along which the target data exhibit large variations while the
background data exhibit small variations, via solving [2]

T T
Erel]%a}é u C,,u—au Cyu (2a)
s.to u'u=1 (2b)

where C,,, := (1/n) >}, yiy, € RP>*P denotes the sample
covariance matrix of {y; }?:1, and the hyper-parameter o > 0
trades off maximizing the target data variance (the first term in
(2a)) for minimizing the background data variance (the second
term). For a given «, the solution of (2) is given by the eigen-
vector of C,, —aC,, associated with its largest eigenvalue,
along which the obtained data projections constitute the first
contrastive (c¢) PC. Nonetheless, there is no rule of thumb for
choosing a. A spectral-clustering based algorithm was devised
to automatically select o from a list of candidate values [2],
but its brute-force search is computationally expensive to use in
large-scale datasets.

III. DISCRIMINATIVE PRINCIPAL COMPONENT ANALYSIS

Unlike PCA, LDA is a supervised classification method of
linearly projected data at reduced dimensionality. It finds those
linear projections that reduce that variation in the same class
and increase the separation between classes [12]. This is ac-
complished by maximizing the ratio of the labeled data variance
between classes to that within the classes.

In a related but unsupervised setup, consider we are given a
target dataset and a background dataset, and we are tasked with
extracting vectors that are meaningful in representing {x; }/" ,
butnot {y; }_;. A meaningful approach would then be to max-
imize the ratio of projected target data variance over that of
background data. Our discriminative (d) PCA approach finds

uTC:t.’L‘u

=
u'C,u

3)

0 = arg max

ueR?

We will term the solution in (3) discriminant subspace vector,

and the projections {1 x; };,—1 the first discriminative (d) PC.
Next, we discuss the solution in (3).

Using Lagrangian duality theory, the solution in (3) corre-
sponds to the right eigenvector of C;yl C,. associated with
the largest eigenvalue. To establish this, note that (3) can be
equivalently rewritten as

A T
= C.,. 4
u:=arg 5161]%% u e (4a)
s.to u'Cyu=1. (4b)

Letting A\ denote the dual variable associated with the con-
straint (4b), the Lagrangian of (4) becomes

L(u;A) =u'Cou+A(1—u'Cyyu). 5)
At the optimum (11; ), the KKT conditions confirm that

C,.1 = \C,, 0. (6)



742 IEEE TRANSACTIONS ON SIGNAL PROCESSING, VOL. 67, NO. 3, FEBRUARY 1, 2019

Algorithm 1: Discriminative PCA.
1: Input: Nonzero-mean target and background data
{;(7 ™, and {yj }7—1; number of dPCs d.

2: Exclude the means from {x;} and {y]-} to obtain
centered data {x; }, and {y, }. Construct C,, and C,,,.

3: Perform eigendecomposition on C‘1 C,, to obtain the
d right eigenvectors {1, }¢_, ass001ated with the d
largest eigenvalues.

4: Output U = [, --- 0y).

This is a generalized eigen-equation, whose solution 1 is the
generalized eigenvector of (C,,,C,,) correspondmg to the
generahzed elgenvalue . Left- -multiplying (6) by @' yields
4'C,,u=X\a"C 4y, corroborating that the optimal objec-
tive value of (4a) is attained when A := )\, is the largest gen-
eralized eigenvalue. Furthermore, (6) can be solved efficiently
using well-documented solvers that rely on e.g., Cholesky’s fac-
torization [29].
Supposing further that C,,, is nonsingular (6) yields

C,,C,, 0= A ©)

implying that G in (4) is the right eigenvector of C;yl C,, cor-
responding to the largest eigenvalue A=A

To find multiple (d > 2) subspace vectors, namely {u; €
RP}4 | that form U := [u; --- uy] € RP?*? in (3) with C,,
being nonsingular, can be generalized as follows (cf. (3))

U := arg max Tr [(U C,,U)” UTC“,U} C®)
UeRP xd

Clearly, (8) is a ratio trace maximization problem; see e.g.,
[21], whose solution is given in Thm. 1 (see a proof in [13, p.
448]).

Theorem 1: Given centered data {x; € RP}" | and {y; €
RP}7_, with sample covariance matrices C,, := (1/m)
Yoy xix; and Cy, = (1/n) 377, y;y; = 0, the i-th col-
umn of the dPCA optimal solution U € R?*? in (8) is given by
the right eigenvector of C,, ?/1 C,. associated with the ¢-th largest
eigenvalue, where ¢ = 1,. . .,

Our dPCA for discriminative analytics of two datasets is sum-
marized in Algorithm 1. Four remarks are now in order.

Remark 1: Without background data, we have C,, = I, and
dPCA boils down to the standard PCA.

Remark 2: Several possible combinations of target and back-
ground datasets include: i) measurements from a healthy group
{y;} and a diseased group {x;}, where the former has simi-
lar population-level variation with the latter, but distinct varia-
tion due to subtypes of diseases; ii) before-treatment {y, } and
after-treatment {x; } datasets, in which the former contains ad-
ditive measurement noise rather than the variation caused by
treatment; and iii) signal-free {y; } and signal recordings {x; },
where the former consists of only noise.

Remark 3: Consider the eigenvalue decomposition C,, =

U,%,,U]. With C}}* := £,,°U/, and the definition v :=

CT/ “u € RP, (4) can be expressed as
V= arg gﬂa&x VTC;;/QCM C;yT/QV (9a)
s.to viv=1 (9b)

where v corresponds to the leading eigenvector of C,, 1/ °Cya
CwT /2 Subsequently, G in (4) is recovered as G = C;J / 5.
This suggests that discriminative analytics of {x;}!", and

{y;}}—1 using dPCA can be viewed as PCA of ‘denoised’ or

‘background-removed’ data {C,, / ’x;}, followed by an ‘in-
verse’ transformation to map the obtained subspace vector
of the {C,, / ’x;} data to {x;} that of target data. In this
sense, {Cy, / ®x;} can be seen as data obtained after remov-
ing the dominant ‘background’ subspace vectors from target
data.

Remark 4: Inexpensive power or Lanczos iterations [29] can
be employed to compute the principal eigenvectors in (7).

Consider again (4). Based on Lagrange duality, when se-
lecting o = A in (2), where \ is the largest eigenvalue of
C,, C.., cPCA maximizing u' (C,, — AC,, )u is equivalent
to max, gy L(u;A) = u' (C,, — AC,, )u + A, which coin-
cides with (5) when A\ = )\ at the optimum. This suggests that
the optimizers of cPCA and dPCA share the same direction
when « in cPCA is chosen to be the optimal dual variable A of
our dPCA in (4). This equivalence between dPCA and cPCA
with a proper « can also be seen from the following.

Theorem 2 ([16, Theorem 2]): For real symmetric matrices
C, = 0and C,, >~ 0, the following holds

5\ ﬁTCIzﬁ uTCzwu
= ———— = max ————
a'Cyu  Jul,=1u’'Cyu
if and only if
ﬁT(C":"E o 5\CUU)u = max uT(C;):.’t - XCUU)U

f[aflo=1

To gain further insight into the relationship between dPCA
and cPCA, suppose C,, and C,,, are simultaneously diagonal-
izable; that is, there exists unitary U € RP*? such that

C,,:=U%,,U", ad C, :=Ux,U'

Yy

where diagonal matrices X,.,., 3, > 0 hold accordingly eigen-
values {\.}” | of C,, and {)\;}ZDZI of C,, on their main
diagonals. Even if the two datasets may share some sub-
space vectors, {\.}7 | and {)\ }P | are in general not the
same. It is easy to check that C,; C,, = UX 1EMU-r

Udlag({k7 /A2 )UT. Seeking the first d latent subspace
vectors is tantamount to taking the d columns of U that corre-
spond to the d largest values among {A% / )J D . On the other
hand, cPCA for a fixed «, looks for the first dlatent subspace vec-
tors of cm aC,y, = U(Z,, —aX,,)U" = Udiag({\, —

a)\‘ )UT, which amounts to taking the d columns of U
ass001ated with the d largest values in {\! — a)\‘ . This
further confirms that when « is sufficiently large (small) cPCA
returns the d columns of U associated with the d largest )\;’s
(\.’s). When « is not properly chosen, cPCA may fail to ex-
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tract the most contrastive information from target data relative
to background data. In contrast, this is not an issue is not present
in dPCA simply because it has no tunable parameter.

IV. OPTIMALITY OF DPCA

In this section, we show that dPCA is optimal when data
obey a certain affine model. In a similar vein, PCA adopts a
factor analysis model to express the non-centered background

data {}O’je RP }ioq as

Yi=m, +Upp; +e,;, j=1...n (10

where m,, € RP denotes the unknown location (mean) vec-
tor; U, € RP** has orthonormal columns with k < D;
{¢; e R¥}7_, are unknown coefficients with covariance
matrix 3 := diag(Ay1,...,A\yx) € R¥*; and the model-
ing errors {e, ; € R”}/_| are assumed zero-mean with
covariance matrix Ele, je, ;] =I. Adopting the LS crite-
rion, the unknowns m,, U, and {1;} can be estimated
by [37]

2

o

min y; —my — Ubij s. to Ul;rUb =1

my ()} : 2
Uy

n
j=1

we find at the optimum 1, :=(1/n)3°7_, }O’j, (v, =
U] (y; —1m,)}, with U, columns given by the first k
leading eigenvectors of C,, = (1/n)> 7_ y;y/, in which
y; =¥;—my,. It is clear that Ely;y/]=U,%U; +
I Let matrix U, € RP*(P~%) with orthonormal columns
satisfying U}/ U, =0, and U, :=[U,U,] € RP*P with
2, = diag({)\,,i}2,), where {\, y+¢ == 1} . Therefore,
U,%,U) +I1=U,%,U/. As n — oo, the strong law of
large numbers asserts that C,, — E[y]-y‘ﬂ; that is, C,, =
UyZ]yUZ;r as n — o0.

Here we assume that the target data {)Ocl € RP}™ | share the

background related matrix U, with data {}O’j }, but also have d
extra vectors specific to the target data relative to the background
data. This assumption is well justified in realistic setups. In the
example discussed in Sec. I, both patients’ and healthy persons’
gene-expression data contain common patterns corresponding
to geographical and gender variances; while the patients’ gene-
expression data contain some specific latent subspace vectors
corresponding to their diseases. Focusing for simplicity on d =

1, we model {x;} as

Xb,i
Xs,i

;(i:mm+[Ub uy] +epi, 1=1,....m (11)

where m, € R? represents the location of {x;}™ ; {e, ;}™,
account for zero-mean modeling errors; U, := [U, uy] €
RP*x(k+1) collects orthonormal columns, where U, is the shared
latent subspace vectors associated with background data, and
u, € R? is a latent subspace vector unique to the target data,
but not to the background data. Simply put, our goal is to extract

. . . . . . ° 7 o 7
this discriminative subspace u; given {x; }* | and {¥;}"_;.

Similarly, given {)Og} the unknowns m,, U,, and {x; :=
(X} ;> Xs,i] '} can be estimated by

m
i=1

yielding m, := (1/m)Y."" Xi, X = U/ x; with x; =X

—m,, where U, has columns the (k+ 1) principal eigen-
vectors of C,; = (1/m) " x;x,. When m — oo, it holds
that C,, =U,X,U/!, with ¥, :=E[x;x, ] = diag(\,1,
>\.’t,27 sy /\:L',k+1) € R<k+1)x<k+1)-

Let 3, ;. € R*** denote the submatrix of ¥, formed by
its first £ rows and columns. When m,n — oo and C,, is

nonsingular, one can express C;yl C,: as

2
o
max x; —m, — U,x; s. to U;Ua, =1
m Jﬁ{x,) 2 ’

U,x,'U,U, %, U,

[UU}EZ;IO I o0
ST e 1) |0 Ul

> 0 ][uf
X
0 )\1:,k+1 u:gr
DIED I 0 U/
== [Ul) Un] ’ . ’
0 )\zv,k+1U;Lrus u;r

= sz}jlza:,kUl—; + A:Lu,k+1UnU;LrusuI-

Observe that the first and second summands have rank & and
1, respectively, implying that C;yl C,., has at most rank k + 1.
If u,; denotes the i-th column of Uy, that is orthogonal to

{w,; }ff:l’j# and uy, right-multiplying C;yl C,. by uy; yields
quyl C:va;ul),i - (Alq/)\yl) uy

fori =1,...,k, which hints that {u, ;}}_, are k eigenvectors

qf C;; C‘”i” as.sociated with eigenva.lues {.)\1_,2- [ Ay.i }f;l. Again,

right-multiplying C;yl C,. by u, gives rise to

C;Ul C.ous = )\a:,k+ 11Uy, U;Irus ujus = )\;,;j}g... 1 UHUIUS .
(12)

To proceed, we will leverage the following three facts: i) u,
is orthogonal to all columns of Uy; ii) columns of U, are
orthogonal to those of Uy,; and iii) [U;, U,,] has full rank. Based
on i)-iii), it follows that u, can be uniquely expressed as a linear
combination of columns of U, ; that is, u, := Zf): Ek Dily, i,
where {pi}lD: ’1’“ are unknown coefficients, and u,, ; denotes the
i-th column of U,,. One can manipulate U,, U, u; in (12) as

T T T
UnUn Us = unalumlus +ooet u7L¢D7ku7L~,D*kus
=piUy1+ - +Pp-kUn Dk

fr— uS

yielding Czjyl C,us = \; p+1Us; that is, ug is the (k + 1)-st
eigenvector of C;yl C,.; corresponding to eigenvalue A, ;1.

Before moving on, we make two assumptions.
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Assumption 1: Background and target data are generated ac-
cording to the models (10) and (11), respectively, with the back-
ground data sample covariance matrix being nonsingular.

Assumption 2: 1t holds for all i =1,... &k that A\, y+1/
/\y,k+1 > )‘:n‘i/Ay,i-

Assumption 2 essentially requires that u, is discrimina-
tive enough in the target data relative to the background
data. Combine Assumption 2 and the fact that u, is an
eigenvector of C;yl C, ., it follows that the eigenvector of
C;Ul C,. associated with the largest eigenvalue is u,. Under
these two assumptions, we establish the optimality of dPCA
next.

Theorem 3: Under Assumptions 1 and 2 with d =1, as
m,n — oo, the solution of (3) recovers the subspace vector
specific to target data relative to background data, namely u;.

V. KERNEL DPCA

With advances in data acquisition and storage technologies,
a sheer volume of possibly high-dimensional data are collected
daily, that topologically lie on a nonlinear manifold in general.
This goes beyond the ability of (linear) dPCA in Sec. III due
mainly to a couple of reasons: i) dPCA presumes a linear low-
dimensional hyperplane to project the target data vectors; and
ii) dPCA incurs computational complexity O(max(m,n)D?)
that grows quadratically with the dimensionality of data vectors.
To address these challenges, this section generalizes dPCA to
account for nonlinear data relationships via kernel-based learn-
ing, and puts forth kernel (K) dPCA for nonlinear discriminative
analytics. Specifically, KAPCA starts by mapping both the tar-
get and background data vectors from the original data space
to a higher-dimensional (possibly infinite-dimensional) feature
space using a common nonlinear function, which is followed by
performing dPCA on the transformed data.

Consider first the dual version of dPCA, starting with the
N :=m + n augmented data {z; € R”}¥ | as

Xi,
zZ;, =
Yi-m,

and express the wanted subspace vector u € R” in terms of
Z =z, - zy] € RP*Y yielding u := Za, where a € RY
denotes the dual vector. When min(m ,n) > D, matrix Z has
full row rank in general. Thus, there always exists a vector a
so that u = Za. Similar steps have also been used in obtaining
dual versions of PCA and CCA [30], [32]. Substituting u = Za
into (3) leads to our dual dPCA

a'Z'C,,Za
a'Z'C,,Za

based on which we will develop our KdPCA in the sequel.
Similar to deriving KPCA from dual PCA [30], our approach
is first to transform {z;}¥ , from R” to a high-dimensional
space R (possibly with L = 0o) by some nonlinear map-
ping function ¢(-), followed by removing the sample means
of {¢(x;)} and {¢(y;)} from the corresponding transformed
data; and subsequently, implementing dPCA on the centered
transformed datasets to obtain the low-dimensional kernel dPCs.
Specifically, the sample covariance matrices of {¢(x;)}/™ ; and

1<i<m
m<i<N

13)

max
acRN

{#(y;)}j—, can be expressed as

m

Gl = = ) (0(x) — ) (Blx) — )| € REXE

n

1
C;(z?g/ = n Z (P(y;) — my) (P(y;) — H'y)T € RFXF
j=1

where the L-dimensional vectors g, := (1/m)> " | ¢(x;)
and p, = (1/n)>°7_, ¢(y;) are accordingly the sample
means of {¢(x;)} and {¢(y;)}. For convenience, let ®(Z) :=
[D(x1) = oy D(Xm) — Mo, ¢(Y1)—Mg/, ceey ¢(Y71,)_Hy]
€ RN Upon replacing {x;} and {y;} in (13) with {¢(x;)
— p } and {@(y;) — py }. respectively, the kernel version of

(13) boils down to
a'®(Z)Co, ®(Z)a

al®T(Z)C),®(Z)a

ax (14)
acRYN

In the sequel, (14) will be further simplified by leveraging
the so-termed ‘kernel trick’ [3]. To start, define a kernel ma-
trix K, € R"*" of {x;} whose (i, j)-th entry is x(x;,x;) :=
(p(x:), p(x;)) fori, j =1,...,m, where x(-) represents some
kernel function. Matrix K, € R"*" of {y;} is defined like-
wise. Further, the (¢,7)-th entry of matrix K,, € R™*" is
K(Xi,y;) == (¢(x:), #(y;)). Centering K., K,,,, and K,
produces

K(II = KII T m
K, =K, — 11K, - 1K1, + 51,K,,1,

- %KICL‘ 17n + #1771 KJ‘I 1m

K, =K. — -1, K,, — +K,, 1, + -1, K, 1,

mn

with matrices 1,, € R™* and 1,, € R"*" having all entries
1. Based on those centered matrices, let

Ki. K,
— i ‘C“’] e RV>V, (15)
Define further K*, K¥ € RV*V with (i, j)-th entries
Kfj = (16a)
' 0 m<i<N
, 0 1<i<m
il/j = (16b)
’ K,;A’j/n m<i< N

where K; ; stands for the (¢, j)-th entry of K.

Using (15) and (16), it can be easily verified that KK* = K
diag({1#}¥.)K, and KKY = Kdiag({!})¥., ) K, where {/¥
= 1y (=01, (=0 and (= 1Y
That is, both KK and KKY are symmetric. Substituting (15)
and (16) into (14) yields (see details in the Appendix)

a'KK”a

a'KKva’
Due to the rank-deficiency of KKY however, (17) does not admit
a meaningful solution. To address this issue, following kPCA

[30], [32], a positive constant € > 0 is added to the diagonal
entries of KKY. Hence, our KAPCA formulation for d = 1 is

A7)

max
acRN
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Algorithm 2: Kernel DPCA.

Algorithm 3: Multi-Background DPCA.

1: Input: Target data {x; }” ; and background data
{y; }}-1; number of dPCs d; kernel function #(-);
constant €.

2: Construct K using (15). Build K* and KV via (16).

Solve (19) to obtain the first d eigenvectors {&; }<_;.

4: Output A := [a, --- 4a,].

(O8]

given by

a'KK”a
a:=arg max ———————
iRy ar (KKY +€l)a

Along the lines of dPCA, the solution of KAPCA in (18) can be
provided by

(18)

(KKY 4+ I) ' KK”a = \a. (19)

The optimizer a coincides with the right eigenvector of (KKY +
el) ' KK corresponding to the largest eigenvalue A=A

When lookmg for d dPCs, with {a; }¢_, collected as columns
inA:=la - ay] € RV* the KdPCA in (18) can be gener-
alizedtod > 2 as

A :=arg max

Tr [(AT(KKY +eI) A) 'ATKK"A]
A RN xd

whose columns correspond to the d right eigenvectors of
(KK + eI) 'KK" associated with the d largest eigenvalues.
Having found A, one can project the data ®(Z) onto the ob-
tained d subspace vectors by KA. It is worth remarking that
KdPCA can be performed in the high-dimensional feature space
without explicitly forming and evaluating the nonlinear trans-
formations. Indeed, this becomes possible by the ‘kernel trick’
[3]. The main steps of KAPCA are given in Algorithm 2.

Two remarks are worth making at this point.

Remark 5: When the kernel function required to form K.,
K,,,and K, is not given, one may use the multi-kernel learn-
ing method to automatically choose the right kernel function(s);
see e.g., [4], [38], [39]. Spemﬁcally, one can presume K., =
S 6K Ky = 300, 6K, and Koy = 307 6K,
in (18), where KTT cR” n , wa € R"*", and KZJ G R™ i
are formed using kernel #; (-); and {r; (-)}_; are a preselected
dictionary of known kernels, but {&; }1; will be treated as un-
knowns to be learned along with A in (18).

Remark 6: In the absence of background data, upon setting
{¢(y;) =0}, and € = 1 in (18), matrix (KK? + eI) ' KK"”

reduces to
K¢, 2.0
M .= ( ) .
0 0

After collecting the first m entries of &; into w; € R™, (19) sug-
gests that (K¢, )?w; = \;w;, where \; denotes the i-th largest
eigenvalue of M. Clearly, {w; }¢_, can be viewed as the d eigen-
vectors of (K¢, )? associated with their d largest eigenvalues.
Recall that KPCA finds the first d principal eigenvectors of
K¢ .. [30]. Thus, KPCA is a special case of KAPCA, when no
background data are employed.

1: Input Target data {X7 i | and background data
{y }"" for k =1,..., M; weight hyper-parameters

{wk }2 s number of dPCs d.

: Remove the means from {x;} and {yj k | to obtain
{x;} and {y }iL,. Form C,., {C},
Zk Wi C

3: Perform elgendecomposition on C,’y1 C,, to obtain the
first d right eigenvectors {1,
4: Output U := [ --- ).

k 1»and Gy =

VI. DISCRIMINATIVE ANALYTICS WITH MULTIPLE
BACKGROUND DATASETS

So far, we have presented discriminative analytics methods
for two datasets. This section presents their generalizations to
cope with multiple (specifically, one target plus more than one
background) datasets. Suppose that, in addition to the zero-mean
target dataset {x; € R”}7  we are also given M > 2 centered
background datasets {yj "k fork =1,..., M. The M sets of
background data {yj Wy contarn latent background subspace
vectors that are also present in {xl}

Let Cpp :=m ' Y1 x;x] and Cf, b Y vk
(y;?)T be the corresponding sample covariance matrices. The
goal here is to unveil the latent subspace vectors that are
significant in representing the target data, but not any of the
background data. Building on the dPCA in (8) for a single back-
ground dataset, it is meaningful to seek directions that maximize
the variance of target data, while minimizing those of all back-
ground data. Formally, we pursue the following optimization,
that we term multi-background (M) dPCA here, for discrimina-
tive analytics of multiple datasets

M
T u'cy
S, (L

k=1

= T'Lk

_1
U) UTC.,L.@.U] (20)

where {w; > 0}M | with 337w, = 1 weight the variances
of the M projected background datasets.

Upon defining C,, := S1", wp G}, it is straightforward
to see that (20) reduces to (8). Therefore, one readily deduces
that the optimal U in (20) can be obtained by taking the d
right eigenvectors of C;; C,, that are associated with the d
largest eigenvalues. For implementation, the steps of MdPCA
are presented in Algorithm 3.

Remark 7: The parameters {wy, }7 | can be decided using
two possible methods: i) spectral-clustering [27] to select a
few sets of {wy} yielding the most representative subspaces
for projecting the target data across {wy}; or ii) optimizing
{wi }M | jointly with U in (20).

For data belonging to nonlinear manifolds, kernel (K) Md-
PCA will be developed next. With some nonlinear function
#(+), we obtain the transformed target data {¢(x;) € RE} as
well as background data {¢(y¥) € R*}. Letting p1, € R” and

= (1/mi) 375, ¢(y}) € R* denote the means of {¢p(x;) }

and {c;S(yj )}, respectively, one can form the corresponding
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covariance matrices C?, € RY*L and

ny

- 1 , _ .
ok . k k k k LxL
Clif = - D (80)) = my) ($0v)) — ;) €R™
R
for k = 1,..., M. Define the aggregate vector b; € R”
O(Xi) — Has 1<i<m
¢(y}—m) _l'l’glJv m <1 §m+n1
bi =

¢(y?{(1\"—nu)) o N?]JM’ N - < RS N
where N::m—l—z;‘zilnk, for i=1,...,
{b;}}¥., as columns to form B :=[b; --- by]. Upon
assembling dual vectors {a; € RV}Y | to form A :=
[a; --- a4], the kernel version of (20) can be obtained
as

N, and collect

—1
max Tr ATBTZwk C/FBA) A'B'C,BA|.
AERN xd o

Consider now kernel matrices K,, € R™*™ and K, €
R™ ¥ whose (i, 7)-th entries are x(x;,x;) and m(yf,yfj),
respectively, for £ =1, ..., M. Furthermore, matrices K, €
R™>"k and Kjp € R™ "t are defined with their corresponding
(i, j)-th elements k(x;,y¥) and k(y}, y}), forl = 1,...,k —1
and k =1,..., M. We subsequently center those matrices to
obtain K¢ and

sz =K — nli_]-nk K., — %Kkk]-nk + n%l’nkKkk‘lnk

Kik = Ky ]-mKrk P Krklnk + o ,,mk 1, Kqk 1,,

chk =Ky — E]-n;Klk: - ﬁKlk]-m + "lm ]-mKlk nk
where 1, € R"**"* and 1,, € R""*" are all-one matrices.

With K* as in (16a), consider the N x [N matrix

(K;I )T Kil K(U\[
K = 1)
(K;c]\[ )T (K(IJ\[ )T K?&I]L[

and K* € RV*V with (4, j)-th entry

ko 1] ’
Ki,j T {
0,

ifm+Y e <i<m+> 5 n

otherwise
(22)
for k=1,..., M. Adopting the regularization in (18), our
KMdPCA finds
M -1
A:—arg max Tr KAT(K SOKF+ eI) A> ATKKIA}
AcRN xd

k=1

Algorithm 4: Kernel Multi-Background DPCA.

1: Input: Target data {x; }" , and background data
{y] }iky fork =1,..., M; number of dPCs d; kernel
function r(-); weight coefﬁcients {wi. }2 | constant e.

2: Construct K using (21). Build K* and {K*} | via
(16a) and (22).

3: Solve (23) to obtain the first d eigenvectors {&; }¢_,.

4: Output A := [a, --- &,).

similar to (K)dPCA, whose solution comprises the right eigen-
vectors associated with the first d largest eigenvalues in

M -1
(K Z K" + 61> KK?®a; = Aa;.

k=1

(23)

For implementation, KMdPCA is presented in Algorithm 4.

Remark 8: We can verify that PCA, KPCA, dPCA, Kd-
PCA, MdPCA, and KMdPCA incur computational complexities
O(mD?), O(m?D), O(max(m,n)D?), O(max(m?,n?)D),
O(max(m,n)D?), and O(max(m?,n%)D), respectively,
where 72 := max; {n; HL . Itis also not difficult to check that
the computational complexity of forming CM, Cyy» C vy and
performing the eigendecomposition on C7 C,. is O(mD?),
O(nD?), O(D?), and O(D?), respectlvely As the number
of data vectors (m,n) is much larger than their dimensional-
ity D, when performing dPCA in the primal domain, it fol-
lows readily that dPCA incurs complexity O(max(m,n)D?).
Similarly, the computational complexities of the other algo-
rithms can be checked. Evidently, when min(m,n) > D or
min(m, n) > D with n := min; {n; }}L,, dPCA and MdPCA
are computationally more attractive than KAPCA and KMdPCA.
On the other hand, KAPCA and KMdPCA become more appeal-
ing, when D > max(m,n) or D > max(m,n). Moreover,
the computational complexity of cPCA is O(max(m, n)D?L),
where L denotes the number of o’s candidates. Clearly, rela-
tive to dPCA, cPCA is computationally more expensive when
DL > max(m,n).

VII. NUMERICAL TESTS

To evaluate the performance of our proposed approaches for
discriminative analytics, we carried out a number of numerical
tests using several synthetic and real-world datasets, a sample
of which are reported in this section.

A. dPCA Tests

R784}2’000

Semi-synthetic target {)0(7 and background im-

ages {y € ]R784}3_0 99 were obtained by superimposing images
from the MNIST ’ and CIFAR-10 [23] datasets. Specifically, the
target data {x; € R™*}2°"? were generated using 2,000 hand-
written digits 6 and 9 (1,000 for each) of size 28 x 28, super-
imposed with 2,000 frog images from the CIFAR-10 database
[23] followed by removing the sample mean from each data
point; see Fig. 1. The raw 32 x 32 frog images were converted

'Downloaded from http:/yann.lecun.com/exdb/mnist/.
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Fig. 1.  Superimposed images.
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Fig. 2. dPCA versus PCA on semi-synthetic images.

into grayscale, and randomly cropped to 28 x 28. The zero-
mean background data {y; € R™! }:;):og)o were constructed us-
ing 3,000 cropped frog images, which were randomly chosen
from the remaining frog images in the CIFAR-10 database.

The dPCA Algorithm 1 was performed on {)og} and {}O’]}

with d = 2. PCA was implemented on {x; } only. The first two
PCs and dPCs are presented in the left and right panels of Fig. 2,
respectively. Clearly, dPCA reveals the discriminative informa-
tion of the target data describing digits 6 and 9 relative to the
background data, enabling successful discovery of the digit 6
and 9 subgroups. On the contrary, PCA captures only the pat-
terns that correspond to the generic background rather than those
associated with digits 6 and 9. To further assess performance
of dPCA and PCA, K-means is carried out using the resulting
low-dimensional representations of the target data. The cluster-
ing performance is evaluated in terms of two metrics: clustering
error and scatter ratio. The clustering error is defined as the ratio
of the number of incorrectly clustered data vectors over m. Scat-
ter ratio verifying cluster separation is defined as S; / Z?: 1 Si

where S; and {S;}?_, denote the total scatter value and the
within cluster scatterAvalues, giiven by S; = Z?ZO? 0 U "x;13
and {S; := 3 cc. U"x; — U Y, xkll3}7, with C; rep-
resenting the set of data vectors belonging to cluster <. Table I
reports the clustering errors and scatter ratios of dPCA and PCA
under different d values. Clearly, dPCA exhibits lower clustering
error and higher scatter ratio.

Real protein expression data [18] were also used to evaluate
the ability of dPCA to discover subgroups in real-world con-
ditions. Target data {x,€ R77}257 contained 267 data vectors,
each collecting 77 protein expression measurements of a mouse

having Down Syndrome disease [18]. In particular, the first 135

. o 135 . .
data points {x; }%3 recorded protein expression measurements

of 135 mice with drug-memantine treatment, while the remain-
ing (%, }207

72156 collected measurements of 134 mice without such
treatment. Background data {y;€ R"}2% on the other hand,

TABLE I
PERFORMANCE COMPARISON BETWEEN DPCA AND PCA

d Clustering error Scatter ratio
dPCA PCA dPCA PCA
1 0.1660 | 0.4900 | 2.0368 | 1.0247
2 0.1650 | 0.4905 | 1.8233 | 1.0209
3 0.1660 | 0.4895 | 1.6719 | 1.1327
4 0.1685 | 0.4885 | 1.4557 | 1.1190
5 0.1660 | 0.4890 | 1.4182 | 1.1085
10 | 0.1680 | 0.4885 | 1.2696 | 1.0865
50 | 0.1700 | 0.4880 | 1.0730 | 1.0568
100 | 0.1655 | 0.4905 | 1.0411 | 1.0508

comprised such measurements from 135 healthy mice, which
likely exhibited similar natural variations (due to e.g., age and
sex) as the target mice, but without the differences that result
from the Down Syndrome disease.

When performing cPCA on {X;} and {}O’]} four a’s were
selected from 15 logarithmically-spaced values between 1073
and 10? via the spectral clustering method presented in [2].

Experimental results are reported in Fig. 3 with red circles
and black diamonds representing sick mice with and without
treatment, respectively. Evidently, when PCA is applied, the
low-dimensional representations of the protein measurements
from mice with and without treatment are distributed simi-
larly. In contrast, the low-dimensional representations cluster
two groups of mice successfully when dPCA is employed. At
the price of runtime (about 15 times more than dPCA), cPCA
with well tuned parameters (o = 3.5938 and 27.8256) can also
separate the two groups.

B. KdPCA Tests

In this subsection, our KdPCA is evaluated using synthetic
and real data. By adopting the procedure described in [17, p.
546], we generated target data {x; := [z; 1 T2 i3 ;4] }3%Y
and background data {y; € R*}%" . In detail, {[z; 1 2; 2] }}
were sampled uniformly from two circular concentric clusters
with corresponding radii 1 and 6 shown in the left panel of
Fig. 4; and {[x; 3 z; 4] " }?°9 were uniformly drawn from a cir-
cle with radius 10; see Fig. 4 (right panel) for illustration. The
first and second two dimensions of {y;}% were uniformly
sampled from two concentric circles with corresponding radii
of 4 and 10. All data points in {x; } and {yy; } were corrupted with
additive noise sampled independently from A/ (0, 0.1T). To un-
veil the specific cluster structure of the target data relative to the
background data, Algorithm 2 was run with e = 10~2 and us-
ing the degree-2 polynomial kernel x(z;,z;) = (z; z;)*. Com-
peting alternatives including PCA, KPCA, cPCA, kernel (K)
cPCA [2], and dPCA were also implemented. Further, KPCA
and KcPCA shared the kernel function with KdPCA. Three dif-
ferent values of o were automatically chosen for cPCA [2]. The
parameter o of KcPCA was set as 1, 10, and 100.

Figure 5 depicts the first two dPCs, cPCs, and PCs of the
aforementioned dimensionality reduction algorithms. Clearly,
only KdPCA successfully reveals the two unique clusters of
{x;} relative to {y; }
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Fig. 3. Discovering subgroups in mice protein expression data.

Fig. 4. Target data dimension distributions with x; ; representing the j-th
entryof x; forj=1,...,4andi=1,...,300.

KdPCA was tested in realistic settings using the real Mobile
(M) Health data [5]. This dataset consists of sensor (e.g., gyro-
scopes, accelerometers, and EKG) measurements from volun-
teers conducting a series of physical activities. In the first exper-
iment, 200 target data {x; € R**}?°9 were used, each of which
recorded 23 sensor measurements from one volunteer perform-
ing two different physical activities, namely laying down and
having frontal elevation of arms (100 data points correspond to

2
O
a O
°
-2
- 0 -20 0 20
dPC1 dPC1
N
O
o
o
-20 40 -20 0 20
cPC1
200 10 cPCA, o =2.0434
N 100 QN)
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S 0 ©
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cPC1 cPC1
KcPCA, o =100
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3 3
-200 -10
-200 0 200 -10 0 1
cPC1 cPC1
100 20 PCA
0
N N
O O 0
o o
-100
-200 -20
-100 0 100 200 -20 0 20
PC1 PC1
Fig. 5. Discovering subgroups in nonlinear synthetic data.

each activity). Sensor measurements from the same volunteer
standing still were utilized for the 100 background data points
{y; € R*}%9. For KdPCA, KPCA, and KcPCA algorithms,
the Gaussian kernel with bandwidth 5 was used. Three different
values for the parameter v in cPCA were automatically selected
from a list of 40 logarithmically-spaced values between 1073
and 10%, whereas a in KcPCA was set to 1 [2].

The first two dPCs, cPCs, and PCs of KAPCA, dPCA, KcPCA,
cPCA, KPCA, and PCA are reported in Fig. 6. It is self-evident
that the two activities evolve into two separate clusters in the
plots of KAPCA and KcPCA. On the contrary, due to the non-
linear data correlations, the other alternatives fail to distinguish
the two activities.
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Fig. 6. Discovering subgroups in MHealth data.

In the second experiment, the target data were formed with
sensor measurements of one volunteer executing waist bends
forward and cycling. The background data were collected from
the same volunteer standing still. The Gaussian kernel with
bandwidth 40 was used for KAPCA and KPCA, while the
second-order polynomial kernel x(z;,z;) = (2, z; + 3)* was
employed for KcPCA. The first two dPCs, cPCs, and PCs of
simulated schemes are depicted in Fig. 7. Evidently, KAPCA
outperforms its competing alternatives in discovering the two
physical activities of the target data.

To test the scalability of our developed schemes, the Extended
Yale-B (EYB) face image dataset [25] was adopted to test the
clustering performance of KAPCA, KcPCA, and KPCA. EYB
database contains frontal face images of 38 individuals, each
having about around 65 color images of 192 x 168 (32,256)
pixels. The color images of three individuals (60 images per
individual) were converted into grayscale images and vectorized
to obtain 180 vectors of size 32,256 x 1. The 120 vectors from
two individuals (clusters) comprised the target data, and the
remaining 60 vectors formed the background data. A Gaussian
kernel with bandwidth 150 was used for KdAPCA, KcPCA, and
KPCA. Fig. 8 reports the first two dPCs, cPCs, and PCs of
KdPCA, KcPCA (with 4 different values of «), and KPCA,

dPCA

KdPCA

dPC2
dPC2

dPCA %0

cPCA, a =22.1222

cPC2

-50 0 50
cPC1
04 KPCA
*  waist bends forward
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0.2
o o
O O
o o
0
-0.2
-0.5 0 0.5 -50 0 50
PC1 PC1
Fig. 7. Distinguishing between waist bends forward and cycling.

with black circles and red stars representing the two different
individuals from the target data. K-means is carried out using the
resulting 2-dimensional representations of the target data. The
clustering errors of KAPCA, KcPCA with A = 1, KcPCA with
A =10, KcPCA with A = 50, KcPCA with A = 100, and KPCA
are 0.1417, 0.7, 0.525, 0.275, 0.2833, and 0.4167, respectively.
Evidently, the face images of the two individuals can be better
recognized with KdPCA than with other methods.

C. MdPCA Tests

The ability of the MAPCA Algorithm 3 for discriminative
dimensionality reduction is examined here with two background
datasets. For simplicity, we set to w; = wo = 0.5.

In the first experiment, two clusters of 15-dimensional data

points were generated for the target data {)%ZE R12}300 (150

for each). Specifically, the first 5 dimensions of {x;}}2

{x; 1300 were sampled from A(0,I) and (81, 2I), respec-
tively. The second and last 5 dimensions of {)0(7 300 were
drawn accordingly from the normal distributions A/(1, 10I) and
N (1,201). The right top plot of Fig. 9 shows that performing

PCA cannot resolve the two clusters. The first, second, and last 5

and
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Fig. 9. Clustering structure by MdPCA using synthetic data.

dimensions of the first background dataset {y € R'}59; were
sampled from A (1, 21), N/(1, 10I), and N (1 21), respectlvely,

while those of the second background dataset {y e R}
were drawn from A(1, 2I), A/(1,2I), and N/ (1, 201) The two
plots at the bottom of Fig. 9 depict the first two dPCs of dPCA
implemented with a single background dataset. Evidently, Md-
PCA can discover the two clusters in the target data by leverag-
ing the two background datasets.
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Fig. 10.  Clustering structure by MdPCA using semi-synthetic data.

In the second experiment, the target data {x; € R784}200 were
obtained using 400 handwritten digits 6 and 9 (200 for each) of
size 28 x 28 from the MNIST dataset superimposed with 400

resized ‘girl” images from the CIFAR-100 dataset [23]. The first
392 dimensions of the first background dataset {30’ D e r7s4 }200

and the last 392 dimensions of the other {y € R784}200
correspond to the first and last 392 features of 200 cropped glrl
images, respectively. The remaining dimensions of both back-
ground datasets were set zero. Fig. 10 presents the obtained
(d)PCs of MdPCA, dPCA, and PCA, with red stars and black
diamonds depicting digits 6 and 9 PCA and dPCA based on
a single background dataset (the bottom two plots in Fig. 10)
reveal that the two clusters of data follow a similar distribution in
the space spanned by the first two PCs. The separation between
the two clusters becomes clear when MdPCA is employed.

D. KMdPCA Tests

Algorithm 4 with e = 10~* is examined for dimensionality
reduction using simulated data and compared against MdPCA,
KdPCA, dPCA, and PCA. The ﬁrst two dimensions of the target
data {x; € R°}159 and {x;}3%;, were generated from two
circular concentric clusters with respective radii of 1 and 6.
The remaining four dimensions of the target data {x; }3°Y were
sampled from two concentric circles with radii of 20 and 12,
respectively. Data {x; }}29 and {x;}?"};, corresponded to two
different clusters. The first, second, and last two dimensions
of one background dataset {y} € R°};%% were sampled from
three concentric circles with correspondlng radii of 3, 3, and
12. Similarly, three concentric circles with radii 3, 20, and 3
were used for generating the other background dataset {y? €
RO}%% . Bach datum in {x;}, {y}}, and {y?} was corrupted
by additive noise A (0, 0.1I). When running KMdPCA, the
degree-2 polynomial kernel used in Sec. VII-B was adopted,

and weights were set as w; = wy = 0.5.
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Fig. 11.  The first two dPCs obtained by Algorithm 4.

Figure 11 depicts the first two dPCs of KMdPCA, MdPCA,
KdPCA and dPCA, as well as the first two PCs of (K)PCA. It is
evident that only KMdPCA is able to discover the two clusters
in the target data.

VIII. CONCLUDING SUMMARY

In diverse practical setups, one is interested in extracting, vi-
sualizing, and leveraging the unique low-dimensional features
of one dataset relative to a few others. This paper put forth a
novel framework, that is termed dPCA, for performing discrim-
inative analytics of multiple datasets. Both linear, kernel, and
multi-background models were pursued. In contrast with ex-
isting alternatives, dPCA is demonstrated to be optimal under
certain assumptions. Furthermore, dPCA is parameter-free, and
requires only one generalized eigenvalue decomposition. Exten-
sive tests using synthetic and real data corroborated the efficacy
of our proposed approaches relative to relevant prior works.

Several directions open up for future research: i) dis-
tributed and privacy-aware (MK)dPCA implementations to cope
with large amounts of high-dimensional data; ii) robustifying

(MK)dPCA to outliers; and iii) graph-aware (MK)dPCA gener-
alizations exploiting additional priors of the data.

APPENDIX

We start by showing that

&' (Z)C?, ®(Z)a = KK"a c RY. (24)

For notational brevity, let ¢;, a;, and K; ; denote the i-th col-
umn of ®(Z), the i-th entry of a, and the (4, j)-th entry of K,
respectively. Thus, the i-th element of the left-hand-side of (24)
can be rewritten as

m N N m

¢7Ti ¢j¢;2ak¢k = izak ZKi.jKj,k
me4 k=1 M3 =
N m N N
= Zak ZKiij]gik = Zak ZKi-,jK;k
k=1 j=1 k=1  j=1
N
= Z apSir = s/la=k K"a
k=1

where s; , € R, siT € RN and kiT e RN correspond to the
(i, k)-th entry of KK, the i-th row of KK*, and the i-th row
of K, respectively. Evidently, k; K®a is the i-th entry of the
right-hand-side in (24), which proves that (24) holds. It follows
that the numerators of (14) and (17) are identical.

Similarly, one can verify that

THT ; TR
a ® (Z)C), ®(Z)a=a KK'a. (25)

Hence, (14) and (17) are equivalent.
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